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Abstract 

A modified de Broglie-Bohm (dBB) approach to quantum mechanics is 
presented. In this new deterministic theory, which uses complex methods 
in an intermediate step, the problem of zero velocity for bound states en- 
countered in the dBB formulation does not appear. Also this approach is 
equivalent to standard quantum mechanics when averages of observables like 
position, momentum and energy are taken. 
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1 INTRODUCTION 

In the de Broglie-Bohm quantum theory of motion (dBB) [1-4], which pro- 
vides a deterministic theory of motion of quantum systems, the following 
assumptions are made (SJ: 

(Al) An individual physical system comprises a wave propagating in space 
and time, together with a point particle which moves continuously under the 
guidance of the wave. 

(A2) The wave is mathematically described by *&(x, t), a solution to the 
Schrodinger's wave equation. 

(A3) The particle motion is obtained as the solution x(t) to the equation 



\ dx dx 



X = - ' (1) 

2im ' 1 ; 

with the initial condition x = x(0). An ensemble of possible motions associ- 
ated with the same wave is generated by varying x(0). 

(A4) The probability that a particle in the ensemble lies between the 
points x and x + dx at time t is given by dx. 

In spite of its success as a deterministic theory, this scheme has the dif- 
ficulty that, for bound state problems, the time-independent part ip °f the 
wave function is real and hence the velocity of the particle turns out to be 
zero everywhere [3J. This feature, that the particle is always at rest, is not a 
satisfactory one in a quantum theory of motion. 

To have a better understanding of this problem, let us recall that in the 
the classical Hamilton- Jacobi theory, the trajectory for a particle may be 
obtained from the equation 

= (2) 

by first attempting to solve for the Hamilton-Jacobi function S = W — Et 
and then integrating the equation of motion 

p = mx = 7— (3) 

ox 

with respect to time. However, since the classical Hamilton-Jacobi equation 
is not adequate to describe the micro world, one resorts to the Schrodinger 
equation ihd^/dt = —(h 2 /2m)d 2 ^/dx 2 + and solves for the wave func- 
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tion The basic idea of dBB is to put \1/ in the polar form Re %s l n and 
then to identify S as the Hamilton- Jacobi function. This gives us Eq. (JTJ, 
when the particle velocity is given by Eq. ©. For wave functions whose 
space part is real, the Hamilton's characteristic function W = constant and 
hence the velocity field is zero everywhere, which is the difficulty mentioned 
above. This is certainly an undesirable feature in an ontological interpreta- 
tion of quantum mechanics, which claims to make the theory intelligible and 
causal [2]. It is true that dBB is altogether a non-Copenhagen physical the- 
ory which requires a 'quantum intuition' and it is not justifiable to criticize 
dBB for its failure to return to classical mechanics. However, the fact that 
the theory dubs the material system in the most important and wide class of 
bound state problems as stationary, irrespective of its position and energy, is 
counter-intuitive and hence the theory cannot be termed as quantum theory 
of motion, at least in these cases. 

Another deterministic approach to quantum mechanics, which also claims 
the absence of this problem, is the Floyd-Faraggi-Matone (FFM) trajectory 
representation developed by Floyd [Ij. In one dimension, Floyd uses the 
generalized Hamilton- Jacobi equation 



(W) 2 

- — >- + V -E = — 

2m 



h 2 


V'" 




fw"Y 


4m 


w 


-1 


{W'J 



(4) 



where W (' denotes J^) is the momentum conjugate to x. Recently Faraggi 
and Matone jHj have independently generated the same equation (referred to 
as the quantum stationary Hamilton-Jacobi equation) from an equivalence 
principle free from any axioms. Floyd argues that the conjugate momentum 
W is not the mechanical momentum; instead, mx = mdE / dW . The equa- 
tion of motion in the domain [x, t] is rendered by the Jacobi's theorem. For 
stationarity, the equation of motion for the trajectory time t, relative to its 
constant coordinate r, is given as a function of x by El Q 

dW 

where r specifies the epoch. Thus the dBB and FFM trajectory represen- 
tations differ significantly in the use of the equation of motion, though they 
are based on equivalent generalized Hamilton-Jacobi equations. The FFM 
trajectory representation does not claim equivalence with standard quantum 
mechanics in the predictions of all observed phenomena. 
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In this letter, we present a different and modified version of the dBB 
that surmounts the problem mentioned earlier. In addition, its formulation 
is closer to the classical Hamilton-Jacobi theory than even the conventional 
dBB. We apply the scheme to a few simple problems and find that it is 
capable of providing a deeper insight into the quantum phenomena. Also the 
new scheme is constructed in such a way that it is equivalent to standard 
quantum mechanics when averages of observables like position, momentum 
and energy are taken. 

In an intermediate step in the new formulation, we consider the analytic 
continuation of the spacetime into complex, producing a complex spacetime. 
It is well known that such complex spacetimes are put to remarkable use in 
the theory of relativity. For example, the transformation of one solution of 
Einstein equation into another can on many occasions be accomplished by 
means of a simple complex switch of coordinates. Open and closed Friedmann 
models, de Sitter and ant-de Sitter spacetimes, Kerr and Schwarschild met- 
rics etc. are related by complex substitutions. The use of complex variables 
in relativity extends to more sophisticated ones like spin coefficient formal- 
ism, Ashtekar formalism, Twistor theory etc. Recently, it was demonstrated 
that a Friedmann model with complex scale factor leads to a remarkably 
good nonsingular cosmological model, with none of the main cosmological 
problems in standard cosmology appearing in it (Hj. The Wick rotation of 
the time coordinate t in Minkowski space to it, which changes its metric into 
Euclidean or reversing, going from Euclidean to Minkowski metric is already 
familiar in quantum field theory and quantum gravity as Euclidean Feynman 
path integration. Even in quantum mechanics, the technique of considering 
the space variable as complex is familiar |HJ. Some more specific usage of 
complex methods include the interpretation of spin angular momentum as 
orbital momentum but taken about a complex center of mass and the in- 
terpretation of magnetic moment as the electric dipole moment taken about 
a complex center of charge [TH]. The present modified dBB scheme may be 
considered as yet another application of complex methods in quantum theory. 

The paper is organized as follows. In Sec. 2, we present the basic for- 
malism and in Sec. 3, we show that the new scheme is constructed to give 
the same statistical predictions as that in standard quantum mechanics. In 
section 4, we apply the scheme to a few simple problems while section 5 deals 
with the problem of action variable in the new scheme. The last section gives 
our conclusions and discussion. 
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2 THE GENERAL FORMALISM 

We first note that in the dBB, the substitution \I/ = Re lS l n in the Schrodinger 
equation gives rise to two coupled partial differential equations, one of which 
is a conservation equation for probability density, and this leads to a situation 
apparently different from the Hamilton-Jacobi theory for individual particles. 
On the other hand, we note that a change of variable ^ = Me iS l n in the 
Schrodinger equation (where H is a normalisation constant) gives a quantum- 
mechanical Hamilton-Jacobi equation [ll] 



d_S_ 
dt 



2m \ dx I 



ih d 2 S 

(6) 



2m dx 2 



which is closer to its classical counterpart and which also has the correct 
classical limit. Considering S as a modified Hamilton-Jacobi function brings 
the expression (J3J) for the conjugate momentum to the form 

. = dS _ h 1 

dx i ^ dx 

In this paper, we attempt to modify the dBB scheme in a manner similar to 
the latter approach; i.e., we retain assumptions Al and A2 whereas in A3, 
we identify \I> = J\fe lS ^ h and use the expression (JJJ) as the equation of motion. 

Note that in this case, with \I/ as the standard solution to the Schrodinger 
equation in any given problem, x turns out to be a complex variable. Con- 
sequently, also x should be complex. As mentioned in the introduction, 
considering complex variable is not entirely new, even in quantum me- 

chanics. While discussing the quasi-classical problems, Landau and Lifshitz 
P] use the technique of 'complex classical paths' extensively, as an interme- 
diate step. We propose to consider x as complex in the general formalism 
of quantum mechanics, in the context of dBB theory. It is clear that when 
x is a complex variable, the Schrodinger equation itself becomes a complex 
differential equation. In the following, we consider only those solutions to 
such equation, obtained by replacing the real x with x = x r + iXi in the 
standard solution. From here onwards, we consider x as a complex variable. 

We restrict ourselves to single particles in one dimension for simplicity. 
The formal procedure adopted is as follows: Identifying the standard solution 
\& as equivalent to Ne lSj/n , Eq.0 helps us to obtain the expression for the 
velocity field x in the new scheme. This, in turn, is integrated with respect to 
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time to obtain the complex path x(t), with an initial value x(0). This complex 
solution is obviously quite different from the corresponding dBB solution. 
The connection with the real physical world is established by postulating 
that the physical coordinate or trajectory of the particle is the real part 
x r (t) of its complex path x(t). (It is worth recalling that this procedure is 
commonly adopted in physical problems which involve differential equations 
with complex solutions, as in the case of a classical harmonic oscillator.) It 
can be seen that in the general case, also this modified dBB trajectory x r {t) 
is different from the dBB trajectory. 

The real part of the velocity field x r , at any point x in the complex plane 
may be found from Eq. as 



x h 



dx \ dx ' 



2im ^ 
an expression quite analogous to the expression for the velocity field in the 
dBB scheme (but not identical with it, since x r is now defined over the entire 
x-plane). One can also write x r as 



x k 



8x r V dx r I 



2im \I>*\I> 



(9) 



where use is made of the fact that for complex derivatives, |g = j^-. It is 
easy to see that this is identical to the dBB velocity field at all points along 
the real axis x = x r . 

We shall note that the new scheme differs from the dBB also in one im- 
portant aspect. Here, when the particle corresponds to some point x in the 
complex plane, its physical coordinate is x r and the physical velocity is x r , 
evaluated at x using (JHJ. Thus for the same physical coordinate x r , the par- 
ticle can have different physical velocities, depending on the point x through 
which its complex path passes. This in principle rules out the possibility 
of ascribing simultaneously well-defined physical position and velocity vari- 
ables for the particle. The situation here is very different from the dBB in 
which for given physical position of the particle, also the velocity is known, 
as obtainable from Eq. {TJ. 

Let us consider the case in which S = W — Et, where E and t are 
assumed to be real. Then the Schrodinger equation gives us an expression 
for the energy of the particle 
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1 Ti dx 

E=- mx 2 + V(x) + -—. (10) 

2 2% ox 

The last term resembles the quantum potential in the dBB theory. 



3 EXPECTATION VALUES 

We recall that in this scheme, for the same quantum state the particle can 
have any number of complex paths, depending on the initial value x(0). 
When we calculate the expectation values of dynamical variables, it should 
be such that this is not done for a single particle which belongs to a particular 
complex path, but over an ensemble of particles which corresponds to all 
possible complex paths. We modify assumption (A4) by postulating that 
the average of an observable O is obtained using the measure as 

<0>= CW*q dx, (11) 



where the integral is taken along the real axis. This can be explicitly written 
for x, p and E as 

< x >= J x^** dx, (12) 

r r Ti d~fy 

<p>= J p^*y dx = J **-— dx (13) 

and 

<E>= [ E^ dx= [ ( ~ h f n + V(x) \ * dx, (14) 
J J \ 2m Ox 2 J 

where use is made of equations (j2J) and (fTIHl in equations (TH^) and JHJ, 
respectively. Note that we did not need to make the conventional operator 
replacements in the above expressions. Since the integral is taken along 
the real axis, these coincide with the corresponding quantum mechanical 
expectation values. Thus the new scheme is equivalent to standard quantum 
mechanics when averages of observables like position, momentum and energy 
are computed using the above prescription. 
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4 SIMPLE APPLICATIONS 

To see how the scheme works, let us consider the example of the ground state 
solution \l/o of the Schrodinger equation for the harmonic oscillator in one 
dimension, the space part of which is real. We have 

^ = Af oe - a2x2 / 2 e- lEot/n . (15) 
The velocity field in the new scheme is given by Eq. as 

x = a 2 x, (16) 

im 

whose solution is 

x = Ae ihaH/m . (17) 

This is an equation for a circle of radius \A\ = \x(0)\ in the complex plane 
(Fig. HI). As proposed earlier, we take the real part of this expression, 

x r = Acos(ha 2 t/m), (18) 

[where it is chosen that at t = 0, x(0) = A is real] as the physical coordinate 
of the particle. It shall be noted that this is the same classical solution for 
a harmonic oscillator of frequency lu = fia 2 /m. However, the nonclassical 
feature here is that we have a trajectory for every initial value x(0), though 
the energy E has the value \Tiu)q for all such trajectories. 

We can adopt this procedure to obtain the velocity field, also for higher 
values of the quantum number n. For n — 1, we have 

* 1 = A/le- Q2a;2/2 2ax e ~ iElt / h , (19) 

from which 

x = — (-a 2 x + -) . (20) 



im \ x 
The solution to this equation can be written as 

(ax - l){ax + 1) = Ae 2lha2t/m (21) 

or 



4 SIMPLE APPLICATIONS 



9 



x = - Jl + Ae 2ina2t ' m . (22) 
a 

Here, the solution is a product of two circles centered about ax = ±1, which 
is plotted in Fig. [2j The physical coordinate of the particle is again given 
by the real part of this expression. For n = 2, the solution can similarly be 
constructed as 

2 



Aax (ax - ^5/2] (ax + ^5/2 ) = Ae 5iha2t/m . (23) 



The complex path in the x-plane is plotted in Fig. El For cases with n > 1, 
these paths deviate from the classically expected circular ones. Note that in 
all these cases, the velocity fields are not zero everywhere, contrary to what 
happens in the dBB. 

Now let us apply the procedure to some other stationary states which 
have complex wave functions. For a plane wave, we have 

^ = Ae ikx e~ iEt/n , (24) 
so that the equation of motion is x = Tik/m and this gives 

, . fzk . „ 

x = x + —t, 25 
m 

the classical solution for a free particle. 

As another example, consider a particle with energy E approaching a 
potential step with height Vq, shown in Fig. HJ In region I, we have 



fa = e ikx + Re~ ikx , k = pmE/h 2 (26) 

and, in region II, 



i>u = Te^ x , q = pm(E - V )/U 2 . (27) 
The velocity fields in the two regions are given by 



Hk ( e lkx — Re lkx \ 
= — n „,,■ (28) 



m 

and 



e ikx + R e -ikx 



4 SIMPLE APPLICATIONS 



10 



xn = — , (29) 
m 

respectively. The contours in the complex x-plane in region I, for a typical 
value of the reflection coefficient r = R 2 = 1/2, are given by 

V2 cos 2kx Ir - e~ 2kxu - ^e 2kxi * = c (30) 

(where xi r and xn are, respectively, the real and imaginary parts of xj), and 
are plotted in Fig. El Note that also this case is significantly different from 
the corresponding dBB solution. 

Lastly, we consider a nonstationary wave function, which is a spreading 
wave packet. Here, let the propagation constant k has a Gaussian spectrum 
with a width Ak ~ 1/a about a mean value k. The wave function is given 
by 



2ira 



1/2 



exp 



(x-ia 2 k) 2 cr 2 + k 2 



2(a 2 + iht/m) 



o 2 + iht/m t 

The velocity field is obtained from (j2J) as 

H I x — ia 2 k 
im \a 2 + iht/m 

Integrating this expression, we get 



(31) 



hk .h x(Q) 

x(t) = x(0) + —t + i V 

m m a z 



t. 



(32) 



(33) 



Separating the real and imaginary parts of this equation (and assuming k is 
real), we get, 



. . hk h Xi(0) 

X r (t) = X r (0) + 1+ \±t. 



m ma* 



h x r (0) 
Xi (t) = Xi (0) + r A^t. 



m a z 



(34) 



(35) 



For the particle with x(0) = 0, we obtain x r (t) = {hk/m)t and Xi(t) = 0; 
i.e., this particle remains at the center of the wave packet. Other particles 
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assume different values for x(t) at time t as given by the above expression, 
which indicates the spread of the wave packet. 



It is now of interest to calculate the action variable J for the bound state 
orbits in the harmonic oscillator problem considered above. If we define 
J = § mx dx, where mx is given by Eq. 0, it can be verified that J = 
nh {n = 0,1,2,3..) for those particles whose complex paths enclose all the 
singular points of the integrand. In the general case, we shall write 



We may note that / — dx = In ^ + constant has a branch cut whenever 
\I/ goes from positive to zero through negative. In the harmonic oscillator 
problem, the integral reduces to 



where the prime denotes differentiation with respect to x. It is easily verified 
that for n = 0, J is always zero. For n = 1, J — h§-dx — h when the 
integration is performed over complex paths enclosing the pole x = 0. From 
Fig. El it is seen that this happens for the larger nests with A > 1 whereas 
for the subnests with A < 1, J = 0. (In fact, the subnests appear to be 
physically nonviable single particle solutions.) Similarly for n = 2, J = 2h 
when the complex path encloses the poles at x — ±^|^ and so on. In all 
cases, J vanishes for the subnests. 

Comparing the value of the action variable for the present case with that 
of dBB and FFM reveals the fact that the new scheme is quite different from 
the other representations. In the dBB, J = by precept. FFM has shown 
that the J-quantization by Milne [12] can be generalized to allow microstates. 
The integrand, the location of poles and the branch cuts in the present case 
differ with that of Milne. Also note that in Milne and FFM, J = nh for 
n = 1, 2, 3, .. whereas in the new scheme J = nh, n — 0, 1, 2, 3, .. only for the 
larger nests and J = otherwise. 

Having obtained the value of the action variable, one may check whether 
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dJ/dE = t is the orbital period in this scheme. For the harmonic oscillator, 
this is true since E is linear in n. Whether r is the orbital period for the 
general potential is an interesting open question. Following the arguments 
in [TT], one can see that in spite of the complexification involved, r = \jv 
is the orbital period if the equation of motion for w = dW/dE is given by 
w = dH(J)/dJ . We need to solve more examples to verify this. 

Under these circumstances, one may conclude that the issue of action 
variable is not satisfactorily resolved for the new scheme. 

6 DISCUSSION 

In summary, we find that the dBB identification \1/ = Re lS ^ h , which itself 
is quite arbitrary, does not help to utilize all the information contained in 
the wave function while solving the equation of motion mx = dS/dx. In the 
present formulation we use a quantum Hamilton-Jacobi equation (obtained 
by substituting \I> = Me iS / h in the Schrodinger equation), which is closer 
to the classical one. This formalism is already used by some authors (for 
example, see |13j) for other purposes. Employing the equation of state mx = 
dS/dx brings the motion to a complex x-plane. The physical coordinate or 
trajectory of the particle is postulated to be the real part of x{t). Solving the 
equation of motion in some bound state problems shows why the dBB scheme 
gives zero velocity for particles in these cases; the complex paths cross the 
real axis parallel to the imaginary one, so that x r = at these points. The 
positive results we obtained for the harmonic oscillator and potential step 
problems themselves are indicative of the deep insight obtainable in such 
problems by the use of the modified dBB scheme. 

It shall be noted that some of the differences between FFM and dBB 
trajectories are still there between FFM and modified dBB trajectories. But 
as claimed in the paper, modified dBB has many advantages over dBB tra- 
jectories. An outline of such differences between FFM, dBB and modified 
dBB trajectories can be made as follows: 

(i) dBB and modified dBB need probability to obtain expectation val- 
ues of observable physical quantities. But FFM trajectories do not involve 
probability. 

(ii) dBB and modified dBB have similar equations of motion. FFM uses 
a different equation of motion. 

(iii) dBB asserts that the possible trajectories for a particular particle 



6 DISCUSSION 



13 



should not cross. But FFM and modified dBB trajectories can cross. 

(iv) For bound states, the particle in the dBB scheme does not move. But 
in FFM and modified dBB approaches, the particles in bound states have 
well-defined trajectories. 

(v) The ultimate test of these trajectories lies in experiments involving 
time sequence of single systems (which can be carried out nowadays), rather 
than those involving large number of particles. FFM has already proposed 
some experiments which involve predictions different from standard quantum 
mechanics. In that sense, FFM is a testable theory. The present modified 
dBB formulation is at a disadvantage that as yet it does not provide a physical 
example where such predictions arise. An important avenue to search for in 
this alternative approach is a solution to this shortcoming. 

A theoretical understanding of the correctness of the equation of motion 
used here, in comparison with the equation of motion used in FFM is highly 
desirable. This is particularly so since we cannot expect both theories to be 
true while they differ. This comparison can perhaps be made by analysing the 
time concept (Floydian time or some standard time) and could be clarified 
therefrom. Also this important question is not addressed in this paper. 

The prescription of x by Eq. Q is reminiscent of Schrodinger's seminal 
work pi] on the wave function. Schrodinger attempted to derive a wave equa- 
tion by accepting the classical Hamilton-Jacobi equation as a phenomenolog- 
ical equation and by replacing dW/dx in this equation with (K/^f)(d^f /dx) 
where K is a constant. The present work can be considered to be a reversal 
of Schrodinger's process, in which the attempt is to obtain an equation of 
motion for the particle by accepting the Schrodinger wave equation as a phe- 
nomenological equation and by equating (h/i^)(d^f /dx) with rax. In this 
sense, it is closer to Schrodinger's than to dBB. 

Generalization of the formalism to more than one dimension is not at- 
tempted in this letter. Its application to those other physical problems of 
interest shall be addressed in future publications. 
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Figure 1: Complex paths in the X-plane (X = ax) for the n = harmonic 
oscillator case, where contours are plotted for X(0) =1, 2, 3 and 4. 
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Figure 2: Complex paths in the X-plane (X = ax) for the n — 1 harmonic 
oscillator case, where contours are plotted for X(0) =1.2, 1.35, 1.45 and 1.55. 
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Figure 3: Complex paths in the X-plane (X = ax) for the n = 2 harmonic 
oscillator case, where contours are plotted for X(0)=1.8, 1.9, 2.0 and 2.1. 
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Figure 4: Potential step, with V — for x r < 0, V = V for x r > and 
energy E > V . 
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Figure 5: Complex paths for particles approaching the potential step. Con- 
tours for c = -4, -3, -2, -1 and are plotted. 



